We found an analytical solution for the time dependent filling numbers of the localized electrons in a system of two coupled single-level quantum dots (QDs) connected with continuous spectrum states in the presence of Coulomb interaction. This solution takes into account correlation functions of all orders for the electrons in the QDs by decoupling high order correlations between localized and band electrons.
I. INTRODUCTION
The control and manipulation of localized charge in the small size systems is one of the most important points in nanoelectronics.
1,2 Single semiconductor QDs which are referred as "artificial" atoms 3, 4 and coupled QDs -"artificial" molecules 5, 6 are perspective structures that may serve for creation of extremely small devices. Several coupled QDs can be used for electronic devices creation dealing with quantum kinetics of individual localized states. [7] [8] [9] Due to this fact the behavior of coupled QDs in different configurations is recently under careful experimental 10, 11 and theoretical investigation.
12,13
During the last decade vertically aligned QDs have been fabricated and widely studied with the great success (for example indium arsenide QDs in gallium arsenide). [14] [15] [16] Such experimental realization allows to organize strongly interacting QDs system with only one of them coupled to the continuous spectrum states. Consequently vertically aligned QDs give an opportunity to analyze non-stationary effects in various charge and spin configurations formation in the small size structures.
17
Lateral QDs seems to be better candidates for controllable electronic coupling between two or several QDs by applying individual lateral gates. That's why they are intensively studied during the last several years both experimentally and theoretically. 18, 19 Investigation of relaxation processes, non-equilibrium charge distribution and non-stationary effects in the electron transport through the system of QDs are vital problems which should be solved to integrate QDs in small quantum circuits. [20] [21] [22] [23] [24] [25] [26] Electron transport in such systems is strongly governed by the Coulomb interaction between localized electrons and of course by the ratio between the tunneling transfer amplitudes and the QDs coupling. Correct interpretation of quantum effects in nanoscale systems gives an opportunity to create high speed electronic and logic devices. 27, 28 In some of the recent realizations the Coulomb interaction is weak, 29 but for small size QDs the on-site Coulomb repulsion is in general strong, 30 consequently it is important to take it into account. In some cases Coulomb correlations can determine time-dependent phenomena. 31 So the problem of time evolution of the charge in the coupled QDs connected with the continuous spectrum states in the presence of Coulomb correlations between the localized electrons is really vital.
Time evolution of charge states in the semiconductor double quantum well in the presence of Coulomb interaction was experimentally studied in. 32 The authors manipulated the localized charge by the initial pulses and observed pulse-induced tunneling electrons oscillations. Time dependence of the accumulated charge and the tunneling current through the single QD in the presence of Coulomb interaction was theoretically analyzed in. 33 The authors described relaxation processes and revealed three time rates for localized charge relaxation in the QD coupled with the thermostat. Several different time rates were also found in the system of two and three interacting QDs coupled with the reservoir.
34-36
In this paper we consider charge relaxation in the double QDs due to the coupling with the continuous spectrum states. Tunneling from the first QD to the continuum is possible only through the second dot. We obtained the closed system of equations for time evolution of the localized electrons filling numbers which exactly takes into account all order correlation functions for localized electrons. It allows to find an exact analytical solution for the time dependent filling numbers of the electrons by decoupling the high order correlation functions between conduction electrons in the reservoir (band electrons) and electrons localized in the QDs. In such an approximation the electrons distribution in the reservoir is not influenced by changing of the electronic states in the coupled QDs. For QDs weakly coupled to the reservoir the proposed decoupling scheme is a good approximation. We found some peculiarities in filling numbers for the electrons dynamics arising due to the Coulomb correlation effects.
II. MODEL
We consider a system of coupled QDs with the single particle levels ε 1 and ε 2 connected to an electronic reservoir ( Fig. 1) . At the initial time two electrons with opposite spins are localized in the first QD on the energy level ε 1 (n 1σ (0) = n 0 = 1). The second QD with the energy level ε 2 is connected with the continuous spectrum states (ε p ). Relaxation of the localized charge is governed by the Hamiltonian:
The HamiltonianĤ D of interacting QDŝ
contains the spin-degenerate levels ε i (indexes i = 1 and i = 2 correspond to the first and to the second QD) and the on-site Coulomb repulsion for the double occupation of the first dot. For simplicity we consider Coulomb interaction only in the first QD though it is possible to obtain closed system of equations for filling numbers correlators in a general case taking into account Coulomb interaction between all the electrons localized in the dots. Our model is suitable for the case when the first QD is narrow and the second one is rather wide. 35, 37 Besides, if electrons are initially located in the first QD and the second dot is empty, then filling numbers for the electrons in the second QD remain rather small during the time evolution of the charge and Coulomb effects in the second QD are not so important as in the first one.
The creation/annihilation of an electron with spin σ = ±1 within the dot is denoted by c + iσ /c iσ and n σ is the corresponding filling number operator. The coupling between the dots is described by the tunneling transfer amplitude T which is considered to be independent of momentum and spin.
The continuous spectrum states are modeled by the Hamiltonian:
where c + pσ /c pσ creates/annihilates an electron with spin σ and momentum p in the lead. The coupling between the second dot and the continuous spectrum states is described by the Hamiltonian:
where t is the tunneling amplitude, which we assume to be independent on momentum and spin. By considering a constant density of states in the reservoir ν 0 , the tunnel rate γ is defined as γ = πν 0 t 2 . As we are interested in the specific features of the nonstationary time evolution of the initially localized charge in the coupled QDs, we'll consider the situation when condition (ε i − ε F )/γ >> 1 is fulfilled. It means that initial energy levels are situated well above the Fermi level and stationary occupation numbers in the second QD in the absence of coupling between the QDs is of the order γ/(ε 2 − ε F ) << 1 and can be omitted. Consequently the Kondo effect is also negligible in the proposed model.
Our investigations deal with the low temperature regime when Fermi level is well defined and the temperature is much lower than all typical relaxation rates in the system. Consequently the distribution function of electrons in the leads (band electrons) is a Fermi step.
We set = 1 and therefore the kinetic equations for bilinear combinations of Heisenberg operators c
which describe time evolution of the filling numbers for the electrons can be written as:
where ξ = ε 1 − ε 2 is the detuning between the energy levels in the QDs. The system of Eqs. (6) contain expressions for the pair correlatorsn
, which also determine relaxation of the localized charge and consequently have to be evaluated. In this system we neglect high order correlation functions between localized and continuous spectrum (band) electrons and fulfill averaging over electron states in the reservoir.
Let us introduce the following designation for the pair correlators:
′ > and consider only the paramagnetic case <n
>. Then the following relations take place
The system of equations for pair correlators can be written in the compact matrix form (symbol [ ] means commutation and symbol { }-anticommutation):
where K is the pair correlators matrix
matrix H ′ has the following form
and the tunneling coupling matrix Γ is denoted as:
One can easily find that Eqs. (8) 
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. Their contribution can be easily written in the matrix form Υ:
Since the evolution starts from the initial state with two electrons in the first QD and empty second one, the system of Eqs. (8) The formal solution of the system for the pair correlators [see Eq. (8)] can be written with the help of the evolution operator. Time evolution of the matrix elements K ij [see Eq. (9)] is given by the expression:
where H is defined as:
Let us introduce the evolution operator:
Consequently, the time evolution of the pair correlators can be found from the following expressions:
Since K(0) 22 in the matrix [see Eq. (9)] is equal to K Finally the evolution operators Φ ij (t) are determined by the equations:
with the initial conditions:
The characteristic equation for the evolution operator Φ ij (t) eigenvalues λ i has the form:
where coefficients H 11 , H 22 , H 33 and H 44 are determined as:
Each eigenvalue λ i determines the corresponding eigenvector:
In our case it is necessary to obtain expressions for the evolution operators Φ 12 (t) and Φ 22 (t) with the initial conditions Φ 22 (0) = 1 and Φ ij (0) = 0.
Solution for the system of equations which determines the functions Φ 12 (t) and Φ 22 (t) can be written as:
where, constants C i can be obtained from the initial conditions for the system of equations.
A. Equations for the time dependent filling numbers
The time dependent filling numbers n 1 (t) can be found from the inhomogeneous part of Eqs. (6), which results in:
where operators G
Solution of the Eq. (23) describes localized charge relaxation and consists of the two parts: the first one is the general solution of the homogeneous equation n h 1 (t) (right hand part is equal to zero) and the second one is the partial solution of the inhomogeneous equation n 1 (t).
where G(t − t ′ )-is the Green function of the Eq. (23) with δ(t − t ′ ) in the right hand part, and P (t ′ )-is the right hand part of the Eq. (23), which appears due to the Coulomb correlations.
General solution of the homogeneous equation has the form:
where coefficients A ′ , B ′ and C ′ are determined as:
Eigenfrequencies E i can be found from the equation: and have the form
Green function G(t− t ′ ) of the Eq. (23) can be written as:
where λ i -are the roots of the characteristic equation arising from Eq. (23) :
these roots are connected with the eigenfrequencies E i by the relations
Coefficients a i are determined as: 
Let us now focus on the two limit cases when the expressions which determine the dynamics of the filling numbers have a rather compact form. The first one corresponds to the situation when the detuning between the empty energy levels in the QDs is equal to zero: ξ/γ ≪ 1. The second one deals with the situation when the sum of the detuning and the half value of Coulomb interaction is equal to zero. This means that the resonance between the half occupied energy level in the first QD and the empty level in the second QD takes place: (ξ +U )/γ ≪ 1. We shall also consider that in both cases the condition T ≪ γ ≪ U is fulfilled.
The eigenvalues of the characteristic equation in the first case (ξ/γ ≪ 1) within the accuracy 
So, the evolution operators can be written as:
and time dependence of the pair correlators K σ−σ 2111 and K σ−σ 1211 is determined by the product:
Expression for the P (t) [see Eq. (25)] in the case of the resonance between empty levels ξ/γ = 0 has the form:
where η = γ 2 U 2 +γ 2 . For η = 1/2 the inhomogeneous part of the time evolution of the filling numbers n 1 (t) can be written as:
+ 4e
For η ≪ 1 the time evolution of the filling numbers n 1 (t) can be determined by:
In the second case of interest ((ξ + U )/γ ≪ 1 but U/γ ≫ 1) eigenvalues are:
Evolution operators have the following form:
When the condition (ξ + U )/γ = 0 is fulfilled, P (t) within the accuracy 
The inhomogeneous part of the time evolution of the filling numbers n 1 (t) with the accuracy T 2 U 2 has the form:
It is necessary to point out that relaxation of the filling numbers in the proposed model can be analyzed by means of more simple method -the selfconsistent mean-field approximation. 35, 38 In this approximation correlation functions U n step deals with the self-consistent calculation of the time dependent filling numbers for the electrons. For some ranges of the system parameters mean-field approximation reveals qualitatively good results. 35 But in general case the mean-field approximation is insufficient to describe the relaxation processes in the system with correlations.
III. RESULTS AND DISCUSSION
Time evolution of the filling numbers for the electrons strongly depends on the relations between the system parameters.
If condition (ξ + U )/γ ≪ 1 is fulfilled, the Coulomb interaction value increasing leads to the decreasing of the filling numbers relaxation rate [see Fig. 2(a) ]. For the large U relaxation rate is rather slow and is of the order of γ nonres = 2
U 2 which is typical for the system of two coupled QDs without Coulomb interaction with |ξ| ≃ U . By the decreasing of the Coulomb interaction value U we achieve the situation of resonant tunneling between the localized states and consequently relaxation rate becomes larger. On the Fig. 2(c) the situation of resonant tunneling between the empty energy levels ξ/γ = 0 is demonstrated. In this case the relaxation of the local- ] which differs from the typical meanfield expression U n −σ i (t) .
38
At a certain instant of time the effective single electron level falls down beneath the level in the second QD. At this moment the inverse charge begins to flow from the second QD to the first one. The occupation in the first QD demonstrates significant increasing after reaching minima value (the dip formation). Filling numbers almost reach the initial value for the large values of Coulomb interaction. After the dip formation the typical time scale which determines relaxation of the filling numbers is close enough to the value γ nonres = 2
This explanation gives qualitative picture of the dips formation. The exact solution shows, that Coulomb correlations are responsible for such non-monotonic behavior. This effect is determined by the inhomogeneous part of the exact solution for time evolution of the filling numbers in the first QD [see the first term in Eq. (43)]. And this inhomogeneous part appears due to complete account for time dependence of the high order correlators [P (t) in Eq (23) and Eq. (25))]. That is why time evolution of the filling numbers for the electrons differs considerably from mean-field approximation. The width of the dip can be roughly estimated as 1/8 · γ −1 nonres . We would like to stress that the non-monotonic behavior, which we discussed above, is not connected with the usual quantum oscillations between two energy levels. Such oscillations also take place during time evolution, but the amplitude of these oscillations is rather small (of the order
. Only these small oscillating contributions to the total electron density are shown on the Fig. 3 . Oscillations are always present in the case of strong Coulomb interaction for all the values of the ratio T /γ. We found out that besides the oscillations governed by the system parameters T and U , oscillations with the double period exist in the system. Oscillation period doubling is mostly pronounced in the case when resonant tunneling takes place between the half occupied energy level in the first QD with the initial charge and empty level in the dot coupled with the continuous spectrum states (ξ + U )/γ ≪ 1 [see Fig. 3(b) ]. Double period oscillations disappears with the decreasing of energy levels detuning ξ. In this case oscillations period is determined by the value of the Coulomb interaction [see Eq. (38) ].
Comparison between the exact solution and the meanfield approximation is demonstrated on the Figs. 4-5. It is clearly evident that both methods reveal such similar peculiarities of the system behavior as several time ranges with considerably different relaxation rates. For some ranges of the system parameters formation of the dip can be also reproduced in the mean-field approximation (see Fig. 4 ). Figure 4 also demonstrates similar behavior of the exact and the mean-field solutions at the initial stage of relaxation. But the dip reproduces incorrectly in the mean-field approximation.
In the case of resonant tunneling between the energy levels in the QDs (ξ/γ = 0) the exact solution and the mean-field approximation reveal strong mismatch [see Fig. 6 and it is clearly evident that in this case the influence of Coulomb correlations on the relaxation of the filling numbers is rather weak.
IV. CONCLUSIONS
We have studied time evolution of the filling numbers in the system of two interacting QDs coupled with the continuous spectrum states in the presence of Coulomb interaction in one of the dots for a wide range of the system parameters. The solution describing the system dynamics was analyzed in the assumption that the band and localized filling numbers for the electrons are uncoupled. This solution exactly takes into account all order correlators for the localized electrons in the QDs.
We found strongly different relaxation regimes in the system of coupled QDs depending on the ratios between the system parameters. Interesting manifestation of Coulomb correlations is the formation of the dip in the time evolution of the localized charge. Such reentrant charge behavior is not the result of simple quantum oscillations between the two energy levels. Oscillations of this type are also present in the system but have small amplitude in the case of the strong Coulomb interaction. Interaction effects lead to the appearance of oscillations with double period at particular range of parameters together with the oscillations governed by the detuning between the energy levels.
We compared our results with the mean-field approximation. The mean-field approximation can give in some cases qualitatively similar peculiarities of the system behavior: several time ranges with considerably different relaxation rates and dip's formation. But in many regimes the results of the mean-field approximation do not coincide with the exact solution. Even if the mean-field approximation qualitatively correctly predicts appearance of the dip, it's shape and width strongly differs from the exact solution.
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